This study deals primarily with the connected closed geodetic numbers of the join of two graphs which is a modification of the closed geodetic number of graphs studied by Aniversario in [2], a geodetic closure invariant introduced by Buckley and Harary in [4].
Introduction
The concept on connected closed geodetic numbers of graphs follows from the definition of a closed geodetic numbers of graphs which is introduced by Buckley and Harary [4] . The closed geodetic numbers of graphs is explored and studied further by Aniversario et.al in [2] and Palubon in [11] . The idea evolved from two classes of graphical games called achievement and avoidance games [4] . The concept of the games involves the set S ⊆ V (G) whose closed geodetic closure is equal to V (G) is known as a closed geodetic cover of a graph G and the closed geodetic closure in S ⊆ V (G), denoted by I G [S] , which is the set of all vertices in the geodesics in S.
The rule on the achievement and avoidance games is modified for the purpose of the closed geodetic concept and goes like this.
The first player A chooses a vertex v 1 of V (G) in the avoidance game he is the loser [2] .
The study on closed geodetic numbers leads the researchers to study closely on connected closed geodetic numbers. Amanodin in [1] studied on connected closed geodetic numbers of some special graphs. The results in [2] and [1] motivate the researchers to investigate further the behavior of S ⊆ V (G), where S ∈ C * (G) and S is connected, for the join of two graphs. Most of the results are parallel to the results in [2] .
Preliminary Concepts and Results
Definition 2.1 For every two vertices u and v of G, the symbol I G [u, v] , where u, v ∈ V (G), is used to denote the interval containing u, v and all vertices lying in some
Definition 2.2
The geodetic number, gn (G) of G is the minimum cardinality among all geodetic covers of G, that is,
Furthermore, a geodetic cover of the smallest cardinality is called a geodetic basis of G. Definition 2.3 Given a connected graph G and S ⊆ V (G), the set S is a closed geodetic cover of G if S = {v 1 , v 2 , . . . , v k } and is obtained by choosing the vertices v 1 , v 2 , . . . , v k such that the following hold:
where
The collection of all closed geodetic covers of G is denoted by C * (G). The closed geodetic number of G, is given by cgn(G) = min{|S| : S ∈ C * (G)}. A set S ∈ C * (G) with |S| = cgn(G) is called the closed geodetic basis of G, denoted by cgb(G).
Definition 2.4 Let G be a connected graph. A connected closed geodetic set S ⊆ V (G) is a closed geodetic cover such that the subgraph S of G induced by S is connected. The connected closed geodetic number of G denoted by ccgn(G), is defined by ccgn(G) = min{|S| : S ∈ C * (G) and S is connected }.
The connected closed geodetic basis of G is the set S ∈ C * (G) with |S| = ccgn(G).
Definition 2.5 Let G be a connected graph and S ⊆ V (G). We define the 2-path closure P 2 [S] G of S to be the set
Definition 2.5 is due to Canoy in [5] . In addition to that, if the subgraph S of G induced by S ⊆ V (G) is connected, then we call S a 2-path connected closure absorbing in G and we denote the 2-path connected closure of S by P Remark 2.6 For any connected graph G, cgn(G) ≤ ccgn(G). That is, every connected closed geodetic cover is a closed geodetic cover. Theorem 2.7 For any connected nontrivial graph G of order n,
The succeding are results on connected closed geodetic number of some special graphs.
Theorem 2.8
The following formulas hold:
4. ccgn(K m,n ) = min{m, n} + 1 for all m, n > 2.
The following are results of the join of some graphs. If S is a closed geodetic basis of G, then S ⊆ V (H) and S is a 2-path closure absorbing set in H.
Corollary 2.11 [8] If H is a connected noncomplete graph and 
Theorem 2.14 [2] Let G = H + K, where H and K are connected and noncomplete graphs. If S is a closed geodetic basis of G, then either
Remark 2.16 For n = 1, 2 we have cgn(K p +K 1 ) = p+1 and cgn(K p +K 2 ) = p + 2.
Theorem 2.18 [8] Let H be a connected noncomplete graph and let
If S is a 2-path closure absorbing set in H and S ∈ C * (H), then S ∈ C * (G).
Theorem 2.19 [8] If H is a connected noncomplete graph and G
Corollary 2.20 [8] If H is a connected noncomplete graph and
Corollary 2.23 [8] If H is a connected noncomplete graph and diam(H)
3 Main Results
Connected Closed Geodetic Numbers of Some Graphs
In this section, we characterize those connected graphs G of order p for which ccgn(G) = p or 2. To this end, we need some results about cut-vertices.
Theorem 3.1 Let G be a connected graph with cut-vertices. If S ⊆ V (G) is a connected closed geodetic basis of G and w is a cut-vertex of G, then every component of G-w contains an element in S. Proof : Let w ∈ V (G) be a cut-vertex of G and S be a connected closed geodetic basis of G. Let C 1 , C 2 , . . . , C n be components in G-w. It remains to show that every component in G-w contains an element in S.
Suppose that there exists a component, say C 1 of G-w such that C 1 does not contain a vertex of S. Then S contains all the extreme vertices of G and hence, C 1 does not contain any extreme vertex of G. Thus, C 1 contains at least one vertex, say x. Since S is a connected closed geodetic basis of G, there exist
Since the u-x subpath and x-v subpath of P both contain w, it follows that P is not a path, contrary to the assumption.
Lemma 3.2 Every cut-vertex of a connected graph G belongs to every connected closed geodetic basis of G.
Proof : Let G be a connected graph and S be a connected closed geodetic basis of G and C 1 , C 2 , ..., C r , r ≥ 2, be the components of G − w. By Theorem 3.1.2, S contains at least one vertex from each C i , i = 1, 2, ..., r. Since the subgraph S of G is connected, it follows that w ∈ S.
The following theorems are some of the necessary conditions for a graph G to have ccgn(G) = p. The next theorem characterizes graphs for which the connected closed geodetic number is 2. Moreover, the notation d G (u, v) is used to denote the distance between vertices u and v in a graph G.
Connected Closed Geodetic Number of the Join of Graphs
Lemma 3.6 Let G be a connected noncomplete graph and S ⊆ V (G). If S is a connected closed geodetic basis of G or a 2-path connected closure absorbing set, then the induced subgraph S is not complete. Proof : Let G be a connected graph and let S ⊆ (G) be a 2-path connected closure absorbing set in G. If S = V (G), then the conclusion is trivial. Suppose
Since S is a connected closure absorbing set, then there exists
Then there exist x, y ∈ S such that d S (x, y) = d G (x, y) = 2 and w ∈ I G [x, y]. These show that the subgraph S of G is not complete. Next, suppose that S is a connected closed geodetic basis of G and that S is complete. Then I G [S] = S, a contradiction. Therefore the result follows. Theorem 3.7 Let H be a connected noncomplete graph and let S ⊆ V (H + K p ) be a connected closed geodetic basis of H + K p . Then S is a 2-path connected closure absorbing set in H + K p . Proof : Let H be a noncomplete connected graph and S ⊆ V (H + K p ) be a closed geodetic basis of H + K p . Let w ∈ V (H + K p ). Suppose w ∈ V (H)\S. Then by Lemma 3.6, S is not complete. Thus, there exist x, y ∈ S such that d H (x, y) = 2 and
for all x ∈ [V (H) ∩ S] and x = w. However, if w ∈ [V (K p )\S], then again, by Lemma 3.6, there exist x, y ∈ S such that d H (x, y) = 2 and that w ∈ I (H+Kp) [x, y]. Consequently, I (H+Kp) [S] = V (H + K p ). Therefore, S is a 2-path connected closure absorbing in H + K p .
Amanodin in [1] , showed that the ccgn(K p + H) = min{|S| : S = T ∪ {v} where v ∈ V (K p ), and P 2 [T ] H = V (H)}. This gives us the idea that T ⊆ V (H) is a closed geodetic basis of H + K p and T is not connected. Thus, the connected closed geodetic basis of K p + H be constructed by joining the set T to {v}, v ∈ V (K p ). Theorem 3.8 Let H be a connected noncomplete graph and let S ⊆ V (H + K p ) be a connected closed geodetic basis of H + K p . Then T = [V (H) ∩ S] ⊆ V (H) and T is a 2-path closure absorbing set in H. Proof : By the arguments of the proof in Theorem 3.7, we have P 2 [T ] H = V (H). Therefore, the result follows.
Thus, T is not connected. But since S is connected, then we must pick any w ∈ V (K p ) and clearly d (H+Kp) (v, w) = 1, for all v ∈ T . Let some u, v ∈ T , for which 
Theorem 3.12 Let H be a connected noncomplete graph. Let
If T is a 2-path closure absorbing set in H and T ∈ C * (H), then S ∈ C * (H + K p ). Proof : Let S = {T ∪ {w} : w ∈ V (K p ) and T ⊆ V (H) }. It follows from Theorem 3.8 that T ⊆ V (H) and P 2 [T ] H = V (H) and also from Corollary 3.11, T ∈ C * (H). Therefore S ∈ C * (H + K p ).
Corollary 3.13
If H is a connected noncomplete graph and diam(H) = 2, then ccgn(H + K p ) = ccgn(H). Proof : Let H be a connected graph and diam(H) = 2. By Corollary 2.20, ccgn(H +K p ) = cgn(H +K p )+1 and by Corollary 2.12, cgn(H +K p ) = cgn(H). So, ccgn(H + K p ) = cgn(H + K p ) + 1 = cgn(H) + 1. Then, it follows from Corollary 2.20 that the cgn(H) + 1 = ccgn(H). Therefore, ccgn(H + K p ) = ccgn(H).
Corollary 3.14 Let p ≥ 1 and n ≥ 3. Then ccgn(F n + K p ) = n + 1 2 + 1.
Proof : Let p ≥ 1 and n ≥ 3. By Corollary 3.2.8,
Therefore, ccgn(F n + K p ) = n + 1 2 + 1.
Proof : Let p ≥ 1 and n ≥ 4. By Corollary 3.2.8,
Amanodin in [1] also proved that the ccgn(P n + K p ) = n + 1 2 + 1, for any p ≥ 1 and n ≥ 3. In particular, we study the graph P 5 + K 4 which is given in the next example. Cagaanan in [4] showed that the geodetic number gn(H + K) of two nonconnected noncomplete graphs H and K is either 2, 3, 4. That is, 2 ≤ gn(H + K) ≤ 4, and Aniversario [2] , also proved that these limits do not apply to cgn(H + K).
Analogously, these limits do not apply to ccgn(H + K). For example, the join of P 10 and C 10 , that is, (P 10 + C 10 ), it is clear that ccgn(P 10 + C 10 ) = 6. Theorem 3.17 Let H and K be connected noncomplete graphs. If either Proof : Let H and K be connected noncomplete graphs and ccgn(
. By Corollary 3.10, T is not complete, hence there exist an integers i and j and 1
Following the proof of Theorem 2.14, we can show that T ⊆ V (K) and if
Now, I H+K [T ] = V (H +K) with |T | = p−1, which is a contradiction to the assumption and since S is connected, we construct a set
. Therefore, the result follows.
Suppose v i , v j ∈ V (H) and by following the proof in statement 1, we can show that T ⊆ V (H). Furthermore, if T ⊆ V (H), then P 2 [T ] = V (H). Since S is connected, then we can construct a set S. Thus, the result follows. Therefore, the set S = S = {v 1 , u i , v 3 , v 5 } is the connected closed geodetic basis of H + K.
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